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Introduction

Here we present a distributed optimal control problem of the time-dependent Stokes
equations. The problem was derived as a test for the paper Giittel and Pearson [2017],
which required optimal states and controls that are not polynomial in spatial or time
variables. The problem maintains a parameter dependence for the regularization param-
eter B to serve as a test case for the 8 dependence of solvers. This problem and its
analytical solution appear in [Giittel and Pearson, 2017, Section 6.2], with computations
for final time 7" = 1 and control cost parameter 3 = 1072,

Variables & Notation

Unknowns
we L2(Q x I)? control variable
y = (v,p) state variable (velocity, pressure)
ve L2 V(Q)NHYI,V(Q)*) velocity component of state
p e L*(I,LE(Q)) pressure component of state
where

V(Q) = {v e Hj(Q)?: divv = 0},
L2(Q) = {p c L2(Q) : /dex}.
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Given Data
T>0
Q=(-1,1)?
I=(0,T)
Q= (-1,1)2x(0,T)
Y =00x(0,7)
8>0
eT
¢= —m
1
= (1+47r
= [

vq = V41, Ud2]

=14 (—e'+ ((+ne)) sin®(rz1) sin(2 7 22)

+ 272 (el — € (1 — 4 sin?(721)) sin(27 z2)

vaz =1+ (e — ((+ne")) sin(2m 1) sin®(7 z2)
+2r% (eh —e') sin(2m 1) (4 sin®(ra2) —

Vo = [Uo,h 110,2]T

vo1 = (¢ +n) sin®(721) sin(27 29)

vo2 = —(C 4 n) sin(27 x1) sin® (7 22)

Problem Description

C-l— ne') cos(2mxy)sin(2mas), 0

length of time interval
spatial domain

time interval
space-time domain
lateral boundary of @

regularization parameter

parameter

parameter

uncontrolled source term

desired state

component of desired state

component of desired state
initial state
component of initial state

component of initial state

Minimize //|v—vd\2dxdt+ //|u|2dxdt

Optimality System

The following optimality system for the state y =

v—Av+Vp=u+=z
—dive =0

in Q
in Q
on %
att =0

(v,p) € LA(I,V(Q)NHY(I,V(2)*) x

L*(I, L%(Q)), the control w € L?(Q2x I)? and the adjoint state ¢ = (A, ) € L*(I,V(Q))N
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HY(I,V(Q)*) x L*(I, L3(f)), given in the strong form, characterizes the minimizer.

v—ANv+Vp=u+2z in(@Q

—dive =0 in Q
v=20 onT
v =1y att=20

A —AA+Vu=v—-v5 inQ

—divA=0 in Q
A=0 onT
A=0 att=1T

1
uU=—— in @
B

Supplementary Material

The optimal state, adjoint state, and control are known analytically, noting that the
pressure p and the adjoint pressure u are normalized by having mean-value zero:

v=[((+ne) sin?(mx1) sin(27z2), —(C +ne) sin(2w ) s.i112(7rav2)]—r
p=—7({+ne')sin(27x) sin(27 x9)

A= — [—(eT —é sin2(7r x1) sin(2 7w x2), (eT — ') sin(27x1) sin2(7r:v2)]T
p=—(r1 + x2)

1 T t\ a2 . T £\ - . 92 T
u=— [—(e —e") sin“(mx1) sin(27wxg), (e —e€') sin(27x7) sin (7'('372)]

Notice that the sign of (X, u) is reversed in [Giittel and Pearson, 2017, Section 6.2].
Consequently, the control law reads u = % A in [Giittel and Pearson, 2017, Section 6.2].
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