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Introduction

We consider the optimal control of static elastoplasticity with linear kinematic hardening.
This leads to an optimal control problem governed by an elliptic variational inequality
of first kind in mixed form or, equivalently, an MPCC in function space.

The objective functional tracks the state both on the entire domain and additionally on
a submanifold of the domain. The control cost is taken into account by a tracking type
term as well. There are no constraints on the control, which acts in a distributed way on
the domain. The Dirichlet boundary is the entire boundary of the domain.

A locally optimal control is known, whose corresponding state has a bi-active set with a
positive measure.

The problem and its solution are taken from |Betz et al., 2014, Section 6.1].

Variables & Notation

Unknowns
f e L? (Q; RQ) control variable
(o, x,u,\) € L? (Q;ngﬁﬁf x Hy (2 ]RZ) x L*(Q) state variable
The state is composed of the stress o, back stress x, displacement w and plastic multi-
plier A.
Given Data

Q={zeR?:||z|| <1}  computational domain
B ={r € R?: ||lz|| < 1/2} subdomain

R=Q\B subdomain

k1 =1.0 hardening constant

E=10 elasticity modulus

v=20.0 Poisson number
wr, = 0.5 Lamé constant
A, = 0.0 Lamé constant

oo >0 yield stress (arbitrary)

a>0 control cost parameter (arbitrary)
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desired displacement in the domain:

U(||z]|?) + (827 + 423 + da122) U” (||z[|%) + 6U’ (|| ||?) en
U(la]?) + (422 + 823 + 4a122) U” (|l2]]2) + 6U"(l2]12) |
wole) = U(IeP) + (6 + 203 + dama) (o) + 40" ()
L \U(I2]2) + (223 + 653 + d2102) U” (|l2]2) + 40" (J2]?) )
with

) — —oot> + 300t — 1300, t<
00\/5—0'0, t>

3
(1) = —200t+ 300, t<
0500t Y2,  ¢t>

—2 t
U”(t) _ { 00, <

—0.2500t73/2, t>

e
NN

NN

desired displacement on the submanifold 9B:

— 00
uyp(z) =
—00
desired control:

Fole) = %U(HLIZHQ) — (456% + 256% + 2x1$2)U”(||x||2) — 3U’(||a:”2)
W\ 20 (alP) - (203 + 43 + 20020 U7 (2 ]2) - 30 ()

Problem Description

. 1 1 o
Minimize J(u, f) := 5”“ — ual|Z2qpe) + 5”“ — uoBl|T2opm2) + §||f — falli2z2)
Clo —e(u) + )\(O'D + XD) =0 inL? (2 Rsyxrg),
H 1 x + )\(UD + XD) =0 inL? (Q;RS.;H%),

_(U7E(U)>L2(Q;R§yxn3) + (f,v)r2pre) =0 Vo€ Hy (% R?),
0<ALo(o,x) <0 ae. inQ.

s.t.

With the given Lamé coefficients, the inverse elasticity and hardening tensors read

1 AL
— o —
2ur, 2ur(2pr + 221)

trace(o)I = o,

H'x = X=X
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where I: R2X2 — R2X2 is the identity mapping and

Sym Sym

1
e(u) = i(Vu +(Vu)") the linearized strain,
ol = o — trace(o)I the deviatoric part of o.

The yield function is given by

D D2 _ 2
¢(U7X): HU +X2 HF 0-07

where ||-||p denotes the Frobenius norm of a matrix. The corresponding inner product

trace(A' B) is used in the calculation of (-, ')LQ(QR?anf)'

Optimality System

According to [Betz and Meyer, 2015, Theorem 4.6] (Theorem 4.4 in the Preprint) the
following conditions are sufficient for local optimality of the control f with associated
state (a’,x,u, )\).

There exist adjoint variables (C,zp,w) € L™ (Q;ngxn%)z x Hi (Q;RQ) and multipliers
(i, 0) € L>®°(Q) x L>®(Q) satisfying

1. the optimality system

C'¢ —e(w) + A(CP +9P) +0(a” +xP) =0 in L2(QR22)
H '+ A(CP +9P) +0(a” +xP) =0 in L2 (Q;RZ2)
*(C’ 5(”))L2(Q;R§yﬁ) + (u — uq, v)r2(Qr?)
+(u — u@B,?J)L2(aB;R2) =0 Vove H& (Q;RQ)
w+alf— fq) =0 in L*(R?)
(P +xP): (P +4P) —p=0 ae inQ
pA=0 ae. in
Op(o,x) =0 ae. in
©w>0 ae. in
6>0 a.e. inf

2. the second-order condition
There exists k > 0 such that

2
8(207x’u’)\’f)£(0-7 X, U, >‘7 f7 Ca Il)7 w, W, 0) (0-/7 Xla u/7 )\/7 h) 2 HHhHQU
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holds for all h € L? (Q; RQ) and (o" X u N ) solving
C e’ — e(u ) (( /)D +(x') )—1—)\'(0' +x ) 0 in L2(Q Rg;n%)
H 'Y + A((e)? + (xX)P) + N (e +xP) =0 in L* (4 RZ:2)
—(a ,e(v) )L2 (AURZ2) (h,v)LQ(Q;R2) =0 Vove HO (Q,R2)
RoXN L (e?+xP): ()P +(xX)P)=0 ae inA,
0< N L (O'D + XD) : ((U’)D + (X’)D) <0 ae. inB
0=XN_1L(e?+x"): ("’ +(X)°)eR ae inZ

The sets are defined as follows,

As :={x €Q:X>0} strongly active set,
B:={xeQ:¢(o,x) =X=0} Dbi-active set,
IT:={zeQ:¢(o,x) <0} inactive (elastic) set,

and the Lagrangian £ is defined by

£(0-7 X’ u? )\’ f’ C’ ¢7w7u’ 9)
= J(u, )+ (o —e(w) + Mo” +x7). ¢) 12 am22)

sym

+ (X + /\(O'D + XD)7¢)L2(Q R2X2) - (0’, s(w))L2(Q R2><2)

sym sym

+ (f,w) 2 re) — (A W r2(@) + (9(0, %), 0) 12 (0)-

Consequently 8(Gxu)\f)£(0',x,u, )\,f,C,@b,w,u,G) (U’,X’,u’, N, h)2 is given as
follows:

2
8(257X’u7)\7f)[’(0-5 XU, )‘7 .fv Ca wv w, W, 0) (0',, le uly )‘/7 h')
e (’u,/’ U/)LQ(Q;]R2) + (ul7 ul)LQ(aB;Rz) + O[(h7 h)L2(Q7R2)

_|_2()\/((0_/)D I (X/)D)’ gD _H/}D>
(167 0715 9) gy

L2(Q;RZ5)
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Supplementary Material

Locally optimal control, state, adjoint state and multipliers are known analytically:

v (HJTH2)> .
= displacement,
(U (llz1?)
211 1+ T2
o=c¢c(u) =U'(|z]? (xl e om ) stress,
x=0 back stress,
A=0 plastic multiplier,

f = —div(e(u))
_ <3U’(\~’EH2) +U"(||2[|*) (427 + 22122 + 2:(:5))

SUY([l2]2) + U” ([l]2)(222 + 2212 + 422) control (right hand side force),

2 s( ), reB -
= adjoint stress,
)+e(u)®, r€R
€B
= o adjoint back stress,
D xzeR
=2u adjoint displacement,
2 |le(u D , €eB
= ” HF v multiplier,
rER
0, €B o
0 = o multiplier.
1, z€R

The magnitude of the optimal state and control for the values a = 1 and o¢p = 2 as given
in Betz et al. [2014] are depicted in Figure 0.1. The reference value for the objective,

J ~ 156.448 738 479 265 980 83

corresponding to these values of « and oy is given in Betz et al. [2014].

Revision History

e 2015-04-22: Updated reference to the published version.

e 2014-11-29: Explicit formulas for the second-order derivative of the Lagrangian
added. Formulas for optimal & and f added. Pictures of the optimal solution
added. Reference for objective value added. Matlab code added.

e 2014-04-23: problem added to the collection
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Figure 0.1: Analytical values of the optimal state |u| (left) and control |f| (right) for
parameters & = 1 and g9 = 2. Figure courtesy of K. Rosin
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